If a function can be explicitly expressed, then one can easily compute its Caputo derivative by the known methods. If a function cannot be explicitly expressed but it satisfies a differential equation, how to seek Caputo derivative of such a function has not yet been investigated. In this paper, we propose a numerical algorithm for computing the Caputo derivative of a function defined by a classical (integer-order) differential equation. By the properties of Caputo derivative derived in this paper, we can change the original typical differential system into an equivalent Caputo-type differential system. Numerical examples are given to support the derived numerical method. 
Introduction
Fractional calculus (including the fractional integral and fractional derivatives) has a long history, which is as old as the more familiar integer-order (or integer for simplicity) counterparts [1] that can be dated back to the 17th century. Since then, fractional calculus has undergone rapid development primarily in the pure theory of mathematics. At present, fractional calculus has been found widely used in many areas of science and engineering, see for example [2] [3] [4] [5] . In physics, fractional kinetic equations of diffusion, diffusion-advection, and Fokker-Planck type are used for the description of transport dynamics in complex systems, readers can refer to [6] for more applications in details.
Fractional derivatives are more complicated than the classical ones, and the calculation of fractional derivatives is also more difficult than that for the integer ones. Therefore, developing efficient numerical methods for calculating fractional derivatives becomes important. If a function can be explicitly expressed, then one can compute its Caputo derivative by the known methods. Until now there have been some works available in this respect [2, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . If a function cannot be explicitly expressed but it satisfies a differential equation, how to seek the Caputo derivative of such a function has not yet been investigated. In this paper, we first discuss further properties of the Caputo derivative. Through these properties, we change the original typical differential system into an equivalent Caputotype differential system. Then we use the fractional Adams method to solve the equivalent Caputo-type differential system so that we can obtain the numerical solution of the Caputo derivative of a function defined by an original typical differential system. The remainder of this paper is organized as follows. In Section 2, we introduce the definitions of the fractional derivatives and their main properties that will be used in the present paper. At the same time, we derive new properties of the fractional derivative that have not been given before. In Section 3 we present a numerical algorithm to calculate the Caputo derivative of a given function where the numerical examples are also illustrated. The conclusion is included in the last section.
Fractional derivatives and their new properties
In this section, we first introduce the definitions of Riemann-Louville and Caputo derivatives. Then we derive some interesting properties of the fractional derivatives.
Definition 1.
The fractional integral (or the Riemann-Liouville integral) with order α > 0 of a given function ( )
where Γ(·) is the Euler's gamma function.
Definition 2.
The Riemann-Liouville derivative with order α > 0 of a given function ( ) ∈ (0 T ] is defined as
where is a positive integer satisfying − 1 < α < .
Definition 3.
The Caputo derivative with order α > 0 of a given function
where is a positive integer satisfying − 1 < α< .
Remark 4.
If is a positive integer, α > 0 and (
( ) generally does not hold.
Lemma 5 ([4]).
If
Lemma 6 ([4]).
Let lie in Z + , and = max{
Lemma 7 ([17, 18]).
where α 1 α 2 >0 and α 1 + α 2 ≤ 1.
Lemma 8 ([19]).
Let − 1 < α < ∈ Z + . If ( −1) ( ) is
of bounded variation and continuous from the right on
[0 T ] T > 0, then C D α 0 ( ) exists and C D α 0 ( ) ∈ L 1 (0 T ).
Lemma 9 ([18]).
The condition in Lemma 9 can be weakened, which is given in the following theorem.
Theorem 10.
Suppose that
Proof. By the definition of the Caputo derivative, one
is a set of zero measure. Hence,
which ends the proof.
In Lemma 7,
( ) = ( ). Next, we give the following theorem.
Theorem 11.
where Lemmas 5 and 6 are used. The proof is completed.
Remark 12.
Generally speaking, 
Applications for calculating the Caputo derivative
In this section, we introduce the equivalent system of the classical differential equation, which is fundamental for calculating the numerical solutions of the Caputo derivative. Consider the following initial value problem
where ( ) ∈ C [0 T ] and is a positive integer. Next, we give an equivalent system of (5) as follows.
Theorem 13.
If − 1 < α < ∈ Z + , then the initial value problem (5) is equivalent to the following system
Proof. (1) Suppose that ( ) is the solution of (5). By Theorem 11, we have
where ( 
The proof is completed.
Next, we extend Theorem 13 to a more general case. Consider the following generalized initial value problem
where is a positive integer and ( ) ∈ C [0 T ]. Suppose that − 1 < α < ∈ Z + and ≤ . Then there exists a number β (0 < β < 1) such that α = − 1 + β. Obviously, (9) is equivalent to the following system
For simplicity, we denote by 0 ( ) = ( ) and = ( 
From (12) (12), which yields (9) . Therefore, we have the following theorem. (9) , then the initial value problem (9) is equivalent to the system (12).
Theorem 14.

Let be positive integers, ≤ m. If − 1 < α < and ( ) ∈ C [0 T ] is the solution of
Remark 15.
Theorem 14 is suitable for computing the arbitrary order Caputo derivative from the classical differential system (9) through its equivalent form (12) . ( ) in (12) is just the αth-order Caputo derivative of ( ), which can be computed numerically by the numerical method in the following section. Of course, one can easily extend the present method to get the Caputo derivative from the fractional differential system.
Remark 16.
We can also take the classical numerical methods (such as the Runge-Kutta methods) to solve the classical differential system (9) to get ( ), then use corresponding numerical methods to calculate the Caputo derivative of ( ). Obviously, this approach of calculating the Caputo derivative costs much more than the present method, since it takes two steps to obtain the Caputo derivative, while the present method only needs one step.
Numerical examples
In this section, we introduce the numerical approach to approximate the Caputo derivative. The numerical method is based on Theorems 13 and 14. For instance, if ( ) satisfies (5), then for any −1 < α < , we can derive the αth-order Caputo derivative of ( ) by solving the system (6) . By Theorem 14, any αth-order (0 < α < ) Caputo derivative of ( ) can be numerically calculated from (12) if ( ) is the solution of the initial value problem (9) . In the following, we adopt the famous fractional Adams method (see [20, 21] ) to solve (6) and (10) in order to verify the theoretical analysis. We just give the fractional Adams method for (6) as follows. Predictor:
Corrector:
where (β) +1 and (β) +1 (β = α − α) are give by
and
where and are the approximate solutions of ( ) and ( ), and = = T /N, N is a positive integer. Here, is just the numerical approximation of the αth-order Caputo derivative of ( ) at = .
We list an error estimate of the fractional Adams method (13)- (14) for (6) as follows.
Theorem 17 ([21]).
If ( ) and ( ) are solutions of
Now, we present the numerical examples to verify the theoretical result. For simplicity, we suppose that ( ) = ( ). Therefore, the calculation of the αth-order ( −1 < α < ) Caputo derivative of ( ) can be converted to solving the system as (6). This is a new approach to compute the Caputo derivative with arbitrary order of a given function. If we know that ( ) satisfies the initial value problem (9), we turn to solving the system (12) to get the numerical solution of any αth-order (0 < α < ) Caputo derivative of ( ). Next, we just consider the case of = 1 or 2 in the following numerical experiments.
Example 18.
Consider the following ordinary differential equation
The exact solution of (17) is ( ) = sin . The Caputo derivative of ( ) is given by
We calculate the numerical solution of C D α 0 sin for 0 < α < 2 via its equivalent system (12), the absolute errors at = 1 are displayed in Table 1 . We can see that numerical results fit well with the analytical solutions.
Example 19.
Consider the following Riccati equation
In this example, it is not easy to get the analytical solution, but we want to seek C D α 0 ( ) (0 < α < 1). Hence, we need numerically calculate its equivalent system (12) . The numerical results on the domain [0,1] are displayed in Figure 1 . If we know the values of ( ) at , we can also use the L1 scheme [2] to compute C D α 0 ( ) (0 < α < 1). Figure 2 displays such numerical solutions. From Figs. 1 and 2, we can see that the results are almost the same, however, our method is more convenient and applicable. 
Conclusion
In this paper, we derive the new properties of the Caputo derivative. Meanwhile, a technique combining the fractional Adams method is proposed to simulate the numerical solution of the Caputo derivative. This method can be very easily used to calculate the Caputo derivative of a function which can not be explicitly expressed but satisfies a classical differential system or the fractional differential system.
